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Abstract
Simulation-based methods such as approximate Bayesian computation (ABC) are widelyused to infer the evolutionary history of populations from molecular genetic data. Wedescribe and evaluate a new iterative method of statistical inference about model pa-rameters, which revisits the idea of inferring a likelihood surface using simulation whenthe likelihood function cannot be evaluated. It is based on combining the random for-est machine learning method, and multivariate Gaussian mixture (MGM) models, in aneffective inference workflow, here used to fit models with up to 15 variable parameters.In addition to the traditional assessment of precision in terms of bias and mean squareerror, we also evaluate the coverage of confidence intervals. The method is comparedwith approximate Bayesian computation using random forests (ABC-RF), a non-iterativemethod sharing some technical features with the proposed approach, across scenariosof historical demographic inference from population genetic data. It is also comparedto another iterative method, sequential neural likelihood estimation (SNLE). These com-parisons highlight the importance of an iterative workflow for exploring the parameterspace efficiently. For equivalent simulation effort of the data-generating process, thenew summary-likelihood method provides intervals whose coverage is better controlledthan the marginal coverage of intervals provided by ABC with random forests, and thangenerally reported for ABC methods. The iterative workflow can also yield greater im-provements in estimator precision when larger datasets are used.
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Introduction
The likelihood function is a classical component of efficient statistical inference methodolo-gies. In instances where the likelihood function cannot be computed in a reasonable time frame,alternative statistical methods can be employed. These include moment-matching techniqueswhen the analytical results for moments of a response variable are known, or approaches basedon the simulation of the putative data-generating process. Among the latter simulation-basedmethods, approximate Bayesian computation (ABC) has been particularly developed, notablyfor applications in population genetics (Beaumont, 2010; Beaumont et al., 2002; Bertorelle etal., 2010; Tavaré et al., 1997), but also in diverse other fields of biology (Schälte and Hasenauer,2020) and beyond (e.g., Akeret et al., 2015; Sisson et al., 2019). In molecular evolutionary studies,ABC has beenwidely used to infer the past history of migration, founding events, invasion routesand introgressions among populations (e.g., Fraimout et al., 2017), but also selection pressures(e.g., Nakagome et al., 2015) or genomic rearrangement rates (e.g., Moshe et al., 2022).
The idea of estimating the likelihood function by simulation is less developed, although it goesback at least to Diggle and Gratton (1984). Some recent machine-learning methods, such as se-quential neural likelihood estimation (SNLE, Papamakarios et al., 2019), incorporate this step,although they perform inference via the posterior distribution rather than the likelihood func-tion. Diggle and Gratton’s more strictly likelihood-based approach has had limited follow-up inthe form of practically implemented likelihood methods for more complex models, particularlywhen the data are represented by many descriptive statistics (i.e., “summary statistics”). The“synthetic-likelihood” method (Wood, 2010) may be seen as derived from Diggle and Gratton(1984), except that it assumes the summary statistics to have a multivariate normal distributionfor each parameter value. An extension of Diggle and Gratton’s approach not making this as-sumption has been described by Rousset et al. (2017). As this is a likelihood inference using theinformation retained in the summary statistics, we refer to this method as “summary-likelihood(SL) inference”. Summary likelihood is not full-data likelihood but is still a form of likelihood, whichone can evaluate if the full data have been thrown away and only some summary statistics havebeen retained. When the number of summary statistics is large, inferring the likelihood surfacebecomes more tractable by applying dimension-reduction techniques. Various machine learningmethods can be employed for this purpose; here, we adopt the random forest approach (Breiman,2001; Geurts et al., 2006). This method is also used in ABC-RF (Collin et al., 2021; Pudlo et al.,2016; Raynal et al., 2019).
The aforementioned methods all address the issue of inferring the parameters θ of a hypo-thetical data-generating process, utilizing simulations of this process for varying values of thevector θ. In Rousset et al. (2017) as in Diggle and Gratton (1984) and Wood (2010), values of

θ are drawn and for each draw, the distribution of summary statistics is estimated using a mod-erately large number of simulations of the data-generating process. In this study, we present amore efficient summary-likelihood inference workflow that requires significantly fewer simula-tions to provide accurate inferences. This iterative workflow facilitates the inference of moreparameter-rich models, even when simulating observations is computationally expensive. Thenew workflow employs a single simulated observation for each drawn value of θ. This approachaligns with the general methodology of ABC methods, where each drawn θ and the correspond-ing summary statistics for each simulated observation form one line of a table commonly knownas the reference table. The new iterative method has already been used to fit a simple two-parameter model of evolution of experimental populations by Laugier et al. (2025).
The idea of estimating the likelihood function for summary statistics from an ABC referencetable already appears in the ABC literature (e.g., Fan et al., 2013; Papamakarios et al., 2019;Rubio and Johansen, 2013), but this has not yet led to accessible and validated software imple-mentations of summary-likelihood inference. Indeed, a potentially substantial drawback of thisidea is that inferring the likelihood surface in high dimensions is a complex task. For inferenceof likelihoods or joint full posterior distributions, the importance of iterative (or “sequential”)methods of construction of the reference table has been repeatedly stressed (e.g. Blum andFrançois, 2010; Cranmer et al., 2019; Del Moral et al., 2006; Lueckmann et al., 2021; Toni et
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al., 2009). Modern variants employ neural networks for density estimation (Blum and François,2010; Greenberg et al., 2019; Lueckmann et al., 2017; Papamakarios and Murray, 2016; Papa-makarios et al., 2019). However, in practice, non-iterative ABC methods (e.g., Beaumont et al.,2002; Blum and François, 2010; Pudlo et al., 2016) remain widely used. Such methods can, inprinciple, enable amortized inference, whereby a single reference table (or even a single trainedneural network) can be used to analyze many datasets. This can yield substantial computationalsavings when data are repeatedly generated under the same design (e.g., Zammit-Mangion et al.,2025). However, in many real-world applications of the non-iterative ABC methods describedabove, datasets differ enough in design or characteristics that such amortization is not feasible.

ABC methods are employed for the purpose of inferring posterior distributions for param-eters, given a prior distribution for θ. Subsequently, credible intervals can be derived from theposterior distribution. As an alternative approach, likelihood-ratio based confidence intervalscan be computed when a likelihood surface is inferred. The intervals returned by the differentmethods can be compared in terms of coverage, which is the probability that the interval con-tains a data-generating parameter value. It is anticipated that credibility intervals will providecorrect coverage on average across the prior distribution of the parameters, while confidence in-tervals are constructed to ensure correct coverage for any possible value of the parameters: fordifferent perspectives on these two concepts (credibility and confidence intervals) see for exam-ple Neyman (1977) or Casella and Berger (2002). However, it appears that a significant numberof ABC methods are unable to effectively control the prior-averaged coverage of credibility in-tervals. For instance, Raynal et al. (2019) evaluated coverage of credibility intervals for ABC-RFas well as for basic rejection ABC and its elaborations using adjusted local regression (Beau-mont et al., 2002), ridge regression (Blum et al., 2013), or neural networks (Blum and François,2010). They found that ABC-RF intervals were conservative, with 100% coverage for 95% nomi-nal probability. Additionally, they found that the coverage of other ABCmethods was contingentupon a required rejection threshold, which is challenging to accurately set a priori. Consequently,they also generated anti-conservative intervals for certain threshold values. As observed by Her-mans et al. (2022), the issue of coverage control has been seldom addressed in earlier machinelearning literature. The deep learning-based methods they examined were all found to produceanti-conservative intervals, indicating a clear need for improvement in the coverage of intervalsin simulation-based inference methods. Consistent with this, coverage of credibility intervalshas received increasing attention in recent work (e.g., Frazier et al., 2024), with some studiesexplicitly distinguishing the coverage properties of Bayesian credible intervals from those of fre-quentist confidence intervals (Dalmasso et al., 2024).

In this paper, we present an evaluation of the performance of our new summary-likelihoodworkflow using simulation scenarios of inference of demographic history by analysis of popu-lation genetic data. A toy simulation scenario completes the tests of the method. Comparedwith the non-iterative ABC-RF method, our results underscore the value of an iterative work-flow for improving inference when accurate exploration of the parameter space is critical. Weshow that the new workflow allows more uniform control of the coverage of intervals than pre-viously reported for ABC methods. The main deviations from ideal control appear due to lack ofinformation about parameters in the data, a common feature of demo-genetic inferences, andof other fields of application of simulation-based inference (e.g., Auger-Méthé et al., 2021; Dalyet al., 2018; Fan et al., 2019). We also provide some comparison with the SNLE workflow im-plemented in the sbi package (Tejero-Cantero et al., 2020). This iterative workflow uses highlyefficient neural network methods to infer likelihood surfaces and posterior densities, and pro-vides credibility intervals. For problems of higher dimension than those considered here (up to 15parameters), this method appears faster. However, our simulations show that, in the population-genetic scenarios examined here, the coverage of the intervals provided by SNLE is not alwayswell controlled.
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