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Abstract

Simulation-based methods such as approximate Bayesian computation (ABC) are widely
used to infer the evolutionary history of populations from molecular genetic data. We
describe and evaluate a new iterative method of statistical inference about model pa-
rameters, which revisits the idea of inferring a likelihood surface using simulation when
the likelihood function cannot be evaluated. It is based on combining the random for-
est machine learning method, and multivariate Gaussian mixture (MGM) models, in an
effective inference workflow, here used to fit models with up to 15 variable parameters.
In addition to the traditional assessment of precision in terms of bias and mean square
error, we also evaluate the coverage of confidence intervals. The method is compared
with approximate Bayesian computation using random forests (ABC-RF), a non-iterative
method sharing some technical features with the proposed approach, across scenarios
of historical demographic inference from population genetic data. It is also compared
to another iterative method, sequential neural likelihood estimation (SNLE). These com-
parisons highlight the importance of an iterative workflow for exploring the parameter
space efficiently. For equivalent simulation effort of the data-generating process, the
new summary-likelihood method provides intervals whose coverage is better controlled
than the marginal coverage of intervals provided by ABC with random forests, and than
generally reported for ABC methods. The iterative workflow can also yield greater im-
provements in estimator precision when larger datasets are used.
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Introduction

The likelihood function is a classical component of efficient statistical inference methodolo-
gies. In instances where the likelihood function cannot be computed in a reasonable time frame,
alternative statistical methods can be employed. These include moment-matching techniques
when the analytical results for moments of a response variable are known, or approaches based
on the simulation of the putative data-generating process. Among the latter simulation-based
methods, approximate Bayesian computation (ABC) has been particularly developed, notably
for applications in population genetics (Beaumont, 2010; Beaumont et al., 2002; Bertorelle et
al., 2010; Tavaré et al., 1997), but also in diverse other fields of biology (Schilte and Hasenauer,
2020) and beyond (e.g., Akeret et al., 2015; Sisson et al., 2019). In molecular evolutionary studies,
ABC has been widely used to infer the past history of migration, founding events, invasion routes
and introgressions among populations (e.g., Fraimout et al., 2017), but also selection pressures
(e.g., Nakagome et al., 2015) or genomic rearrangement rates (e.g., Moshe et al., 2022).

The idea of estimating the likelihood function by simulation is less developed, although it goes
back at least to Diggle and Gratton (1984). Some recent machine-learning methods, such as se-
quential neural likelihood estimation (SNLE, Papamakarios et al., 2019), incorporate this step,
although they perform inference via the posterior distribution rather than the likelihood func-
tion. Diggle and Gratton’s more strictly likelihood-based approach has had limited follow-up in
the form of practically implemented likelihood methods for more complex models, particularly
when the data are represented by many descriptive statistics (i.e., “summary statistics”). The
“synthetic-likelihood” method (Wood, 2010) may be seen as derived from Diggle and Gratton
(1984), except that it assumes the summary statistics to have a multivariate normal distribution
for each parameter value. An extension of Diggle and Gratton's approach not making this as-
sumption has been described by Rousset et al. (2017). As this is a likelihood inference using the
information retained in the summary statistics, we refer to this method as “summary-likelihood
(SL) inference”. Summary likelihood is not full-data likelihood but is still a form of likelihood, which
one can evaluate if the full data have been thrown away and only some summary statistics have
been retained. When the number of summary statistics is large, inferring the likelihood surface
becomes more tractable by applying dimension-reduction techniques. Various machine learning
methods can be employed for this purpose; here, we adopt the random forest approach (Breiman,
2001; Geurts et al., 2006). This method is also used in ABC-RF (Collin et al., 2021; Pudlo et al.,
2016; Raynal et al., 2019).

The aforementioned methods all address the issue of inferring the parameters 6 of a hypo-
thetical data-generating process, utilizing simulations of this process for varying values of the
vector 6. In Rousset et al. (2017) as in Diggle and Gratton (1984) and Wood (2010), values of
0 are drawn and for each draw, the distribution of summary statistics is estimated using a mod-
erately large number of simulations of the data-generating process. In this study, we present a
more efficient summary-likelihood inference workflow that requires significantly fewer simula-
tions to provide accurate inferences. This iterative workflow facilitates the inference of more
parameter-rich models, even when simulating observations is computationally expensive. The
new workflow employs a single simulated observation for each drawn value of 6. This approach
aligns with the general methodology of ABC methods, where each drawn 8 and the correspond-
ing summary statistics for each simulated observation form one line of a table commonly known
as the reference table. The new iterative method has already been used to fit a simple two-
parameter model of evolution of experimental populations by Laugier et al. (2025).

The idea of estimating the likelihood function for summary statistics from an ABC reference
table already appears in the ABC literature (e.g., Fan et al., 2013; Papamakarios et al., 2019;
Rubio and Johansen, 2013), but this has not yet led to accessible and validated software imple-
mentations of summary-likelihood inference. Indeed, a potentially substantial drawback of this
idea is that inferring the likelihood surface in high dimensions is a complex task. For inference
of likelihoods or joint full posterior distributions, the importance of iterative (or “sequential”)
methods of construction of the reference table has been repeatedly stressed (e.g. Blum and
Francois, 2010; Cranmer et al., 2019; Del Moral et al., 2006; Lueckmann et al., 2021; Toni et
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al., 2009). Modern variants employ neural networks for density estimation (Blum and Francois,
2010; Greenberg et al., 2019; Lueckmann et al., 2017; Papamakarios and Murray, 2016; Papa-
makarios et al., 2019). However, in practice, non-iterative ABC methods (e.g., Beaumont et al.,
2002; Blum and Francois, 2010; Pudlo et al., 2016) remain widely used. Such methods can, in
principle, enable amortized inference, whereby a single reference table (or even a single trained
neural network) can be used to analyze many datasets. This can yield substantial computational
savings when data are repeatedly generated under the same design (e.g., Zammit-Mangion et al.,
2025). However, in many real-world applications of the non-iterative ABC methods described
above, datasets differ enough in design or characteristics that such amortization is not feasible.

ABC methods are employed for the purpose of inferring posterior distributions for param-
eters, given a prior distribution for 8. Subsequently, credible intervals can be derived from the
posterior distribution. As an alternative approach, likelihood-ratio based confidence intervals
can be computed when a likelihood surface is inferred. The intervals returned by the different
methods can be compared in terms of coverage, which is the probability that the interval con-
tains a data-generating parameter value. It is anticipated that credibility intervals will provide
correct coverage on average across the prior distribution of the parameters, while confidence in-
tervals are constructed to ensure correct coverage for any possible value of the parameters: for
different perspectives on these two concepts (credibility and confidence intervals) see for exam-
ple Neyman (1977) or Casella and Berger (2002). However, it appears that a significant number
of ABC methods are unable to effectively control the prior-averaged coverage of credibility in-
tervals. For instance, Raynal et al. (2019) evaluated coverage of credibility intervals for ABC-RF
as well as for basic rejection ABC and its elaborations using adjusted local regression (Beau-
mont et al., 2002), ridge regression (Blum et al., 2013), or neural networks (Blum and Francois,
2010). They found that ABC-RF intervals were conservative, with 100% coverage for 95% nomi-
nal probability. Additionally, they found that the coverage of other ABC methods was contingent
upon a required rejection threshold, which is challenging to accurately set a priori. Consequently,
they also generated anti-conservative intervals for certain threshold values. As observed by Her-
mans et al. (2022), the issue of coverage control has been seldom addressed in earlier machine
learning literature. The deep learning-based methods they examined were all found to produce
anti-conservative intervals, indicating a clear need for improvement in the coverage of intervals
in simulation-based inference methods. Consistent with this, coverage of credibility intervals
has received increasing attention in recent work (e.g., Frazier et al., 2024), with some studies
explicitly distinguishing the coverage properties of Bayesian credible intervals from those of fre-
quentist confidence intervals (Dalmasso et al., 2024).

In this paper, we present an evaluation of the performance of our new summary-likelihood
workflow using simulation scenarios of inference of demographic history by analysis of popu-
lation genetic data. A toy simulation scenario completes the tests of the method. Compared
with the non-iterative ABC-RF method, our results underscore the value of an iterative work-
flow for improving inference when accurate exploration of the parameter space is critical. We
show that the new workflow allows more uniform control of the coverage of intervals than pre-
viously reported for ABC methods. The main deviations from ideal control appear due to lack of
information about parameters in the data, a common feature of demo-genetic inferences, and
of other fields of application of simulation-based inference (e.g., Auger-Méthé et al., 2021; Daly
et al.,, 2018; Fan et al., 2019). We also provide some comparison with the SNLE workflow im-
plemented in the sbi package (Tejero-Cantero et al., 2020). This iterative workflow uses highly
efficient neural network methods to infer likelihood surfaces and posterior densities, and pro-
vides credibility intervals. For problems of higher dimension than those considered here (up to 15
parameters), this method appears faster. However, our simulations show that, in the population-
genetic scenarios examined here, the coverage of the intervals provided by SNLE is not always
well controlled.
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Material and Methods

The inference workflow

Starting from a reference table built from a limited number of simulations, an initial estimation
of the summary-likelihood surface is derived. Then, new parameter points are sampled with
greater probability in regions of high inferred likelihood, with the objective of more accurately
inferring the likelihood surface in such regions. These sampling and likelihood-surface estimation
steps are repeated iteratively to augment the reference table and to obtain progressively more
precise inferences of the likelihood surface.

In this Section we provide a first description of these steps, introducing terminology and no-
tation. For clarity, the simulation results included in the reference table are called “samples” to
distinguish them from the “data” to be analyzed, whether the latter are real data or simulated
ones. In the same way, we distinguish the data-generating parameters values (denoted '), which
are not information used by the inference workflow, from the sample-generating parameters,
which are essential information included in the reference table. Following well-established no-
tation that we will repeatedly use below, probability densities will be denoted as P, with indices
denoting the random variables whose values are the arguments of the function. In particular,
Py.e denotes the density of Y values (where these values may represent the data, or some
simulated sample) as function of parameter values ©, and Py @ denotes the joint density of Y
and O, under the assumption that © is sampled from some distribution. Py.g(S; ) is thus the
probability (or probability density) of a sample S for a given parameter vector 6.

Inferring the likelihood from a reference table. The likelihood L(8; D) of 6 given observed data D is
generally defined, up to a constant factor, as Py.g(D; 0), viewed as a function of the parameters
for fixed data. Given a distribution ig(0) for the parameters, the joint distribution of samples S
and parameters 8 can be written Py g(S, 0) = ig(0)Py.o(S; 0), and the likelihood can be written
as

(1) L(6;D) =Py e(D, 0)/ie(6).

Accordingly, to estimate the likelihood function from the reference table, one can first esti-
mate a joint density Py g of samples and parameters, from their realized joint distribution in the
reference table. One can then divide the value in Y = D of this estimated joint density function
by an estimate of the marginal parameter density function ig, deduced from the joint density,
to obtain the likelihood function. Since the term “instrumental distribution” is commonly used
to refer to a probability distribution used in an algorithm for the estimation of a target quantity,
such as a likelihood or posterior distribution, we thus view the ® vectors in the reference table
as samples from an instrumental distribution which is estimated conjointly with the distribution
of summary statistics in the reference table.

As in Papamakarios et al. (2019), the iterative proposal mechanism for new parameter points
does not asymptotically bias likelihood learning. In the present workflow, new parameters points
are sampled in each iteration in order to preferentially fill the region of parameter space with a
high likelihood (as detailed below, Section “Refinements of likelihood surface inference through
iterations”). The joint and marginal densities, and the likelihood, are re-estimated in each itera-
tion. After a few iterations, the inferred ig(0) is usually quite different from the distribution of
parameters used to construct the initial reference table.

From raw statistics to projected statistics. Here, as in most applications of ABC, the information
provided to the inference method is typically a vector of statistics u(D), summarizing higher-
dimensional observed data D which is the information available to the analyst. For example,
the largest genetic datasets considered in our simulation study involve genetic information at
10,000 genetic markers from 120 individuals, which is summarized by 130 statistics; butin some
applications u(D) may just be a vectorial representation of the full D. The simulated samples for
each drawn @ must then also be expressed as a vector of summary statistics u(S). As with ABC,
it is up to the user to provide statistics that are informative for a given inference problem.
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In our SL method, the potentially large number of raw summary statistics describing the data
or the simulated samples in the reference table (up to 130 summary statistics in our simula-
tions), is typically reduced by a projection step to a smaller number of projected summary sta-
tistics p[u(D)], in order to reduce the dimension of the joint distribution, of parameters and of
statistics, which is estimated. “Projection” here refers to the idea of non-linear projection to
a lower-dimensional space. We obtain the projected summary statistics by performing a non-
parametric regression of each parameter ¢; on the raw summary statistics. This regression is per-
formed using a variant of the random-forest method, combining features of its original version
(Breiman, 2001) and of “extremely-randomized trees” (Geurts et al., 2006). Various other projec-
tion methods could be used in SL, provided they provide predictions that avoid overfitting. The
random-forest method was retained for the same reasons as in ABC-RF: it is fast, efficient, does
not require ad-hoc adjustment of control settings for each application, and the out-of-bag pre-
dictions can be used to easily avoid overfitting (e.g., Breiman, 2001, p.11; Hastie et al., 2009). It
thus fulfills the need for a method which can be applied automatically in any inference problem
(Raynal et al., 2019). This choice also facilitates comparison with ABC-RF, as differences between
the performance of ABC-RF and summary likelihood cannot be attributed to the choice of widely
different projection methods.

In our use of random forests, a joint vector p[u(S)] of projected summary statistics is de-
fined, for each simulated sample S, as the vector of predictions §;(S) of each element 6, of the
0 parameter vector by its random-forest regression. This reduces the number of statistics to the
number of parameters, which is the minimum required for identifiability of the parameters. Ad-
ditional statistics can be retained insofar as computations do not become impractically slow, but
have not been considered here. Fearnhead and Prangle (2012) already advocated summarising a
sample by the posterior expectations of each parameter given that sample, which can be approx-
imated in practice using random-forest regression. Here, however, the random-forest regression
targets posterior expectations under the instrumental distribution induced by the iterative algo-
rithm, rather than under any fixed, pre-specified prior.

Aninitial reference table is thus constructed as follows. Parameter vectors are drawn from the
initial instrumental distribution ig))(e) for parameters, and one sample S (i.e., one realization of
the biological and sampling process) is drawn for each parameter vector. Raw summary statistics
u(S) are computed, and projected statistics p[u(S)] are deduced from them for each such sample.

Estimating the summary-likelihood function. The likelihood function for projected statistics is writ-
ten

(2) L(6; p[u(D)]) = Pr.0(p[u(D)],0)/ie(0),
in terms of the joint density Pt g of projected statistics and parameters.

To model this joint density from the reference table, we use by default a Multivariate Gauss-
ian Mixture (MGM) model. MGMs have previously been used to infer posterior distributions
of parameters (Bonassi et al., 2011), and a related approach, Gaussian Locally Linear Mapping
(GLLiM, Deleforge et al., 2014), has also been used in simulation-based inference (Haggstrom et
al., 2024). We also considered Masked Autoregressive Flows (MAFs, Papamakarios et al., 2017),
a deep-learning approach for estimating unconditional or conditional probability densities. In our
first attempts to use MAFs, they were trained directly on the final reference table. Because this
is substantially slower than fitting MGMs, MAFs did not appear suitable as a systematic replace-
ment for MGMs in our workflow. In practice, MAFs are more efficiently trained sequentially,
updating the inferred density at each iteration by warm-starting from the previous iteration; this
is the strategy used in SNLE, whose performance will be compared to summary-likelihood for a
set of selected simulation scenarios.

Once a joint density estimate IST,@ is obtained using MGM models, the likelihood for any 6
is estimated by

(3) L(6;plu(D)]) = Pr.e(p[u(D)],8)/i0(0),

where, when the joint density estimation uses MGM models, the estimate 7(0) of the instru-
mental density is easily deduced from the joint density estimate by marginalization of the latter
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density over the projected statistics. One may think that such estimation is not needed, at least
in the first iteration when the instrumental distribution typically has some simple known form.
However, in subsequent iterations such knowledge is not available because the instrumental
density (as automatically generated by rules discussed later) is implicit and complex.

When Masked Autoregressive Flows are used, the likelihood function can be directly esti-
mated by training a conditional MAF (Papamakarios et al., 2017, Section 3.4; Papamakarios et
al., 2019), in order to learn the conditional density of samples given any @ values, on the joint
distribution of parameters and statistics in the reference table.

Maximum summary-likelihood estimates (summary-MLEs or MSLEs, denoted 0) are deduced
from the inferred likelihood surface, by numerical maximization with respect to @ of the esti-
mated likelihood as given by eq. 3. Summary-likelihood ratio tests (summary-LRTs) are also de-
duced from the likelihood surface. In particular, when testing a value 6; of a given element i of
0, we compute the constrained maximum of the estimated summary-likelihood surface given
0; (yielding the constrained maximum summary-likelihood estimates 99,), and compare it to the
global summary-likelihood maximum. Thus, we use the profile likelihood (e.g., Davison, 2003,
Section 4.5.2) for all likelihood-ratio tests, with test statistic

(4) W =2 (log [L (8; plu(D)])| - log [L (84,; p[u(D)])])

and p-value given by the tail probability P(X > W) for a y2-distributed variable with number of
degrees of freedom equal to the number of fixed parameters in 6y,, i.e. 1 in the present applica-
tions of the test.

Refinements of likelihood surface inference through iterations. In each iteration, new parameter
values are drawn, simulations of the process are performed and added to the reference table, and
the above steps of the workflow are repeated on the incremented reference table. The sampling
of parameters should still permit further exploration to prevent entrapment in the initial high-
likelihood region, which may be disjoint from the final one (as will be illustrated by the results
on the 7-parameter human admixture scenario). The implemented sampling procedure further
allows exploration of the parameter space beyond the previously sampled ranges, and users can
specify “absolute” bounds that should not be exceeded during such exploration. The software
also allows users to specify not only ranges for each parameter, but also arbitrary additional
constraints on any combination of parameters (this is used in some of our simulations).

The rules for drawing n; 1 new parameter vectors after iteration i are detailed in the Supple-
mentary Information (Section S.1.1). They are defined to preferentially fill the region of parame-
ters with a given minimum likelihood ratio /,;, relative to the current summary-MLEs. In practice,
Imin Was set to the 95% threshold for two-dimensional confidence regions. The sampling also al-
lows exploration beyond the boundaries of this “top” region. The sampling step within the “top”
aims to fill it uniformly rather than in proportion to the likelihood ratio.

The iterative workflow allows the projections to be re-computed. However, random-forest
computations on large tables take time, so some elaborations have been implemented to shorten
them. First, for large reference tables, they use a subset of the reference table, mostly defined
from points identified as belonging to the top of the likelihood surface (see Supplementary Ma-
terial for details). Second, projections are not re-computed when more than 90% of the selected
points were already used in the previous computation of the projections. The easiest way to ac-
celerate inferences in parameter-rich models without substantially compromising performance
may be to reduce this threshold so that projections are re-computed less often.

Implementation. All the above-described steps of summary-likelihood inference have been im-
plemented in an automated workflow in the Infusion R package (Rousset, 2025), which calls
the ranger R package (Wright and Ziegler, 2017) for random-forest methods, and the Rmixmod
R package (Lebret et al., 2015) for MGM modeling.
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Control of inference workflow

Our workflow potentially depends on many control parameters, but we set default values for
all of them, which were used for all simulations in this paper, unless mentioned otherwise. These
values, as described here and further detailed in Supplementary Section S.1, are automatically
selected by our implemented procedures unless users specifically request different values.

In particular, for fitting n, parameters to a given dataset, a final number of 1000(3n, — 1)
sample simulations are run. Supplementary Table S.1 illustrates computations times for single
datasets for different simulation designs, and Supplementary Section S.1.6 provides further de-
tails on how the number of samples added at each iteration is controlled. Smaller references
tables appear to lead to degraded performance (one example being given in Supplementary Ta-
ble S.15) and are therefore not recommended. Larger tables may require substantial increases in
computation times, which may be a small concern when only one dataset is analyzed, but would
be unpractical when inferences are performed on series of hundreds of simulated datasets.

While the final size of the reference tables was predefined in our simulation study, alternative
and more adaptive stopping rules could be used, based in particular on two criteria implemented
in the R package. The first criterion is the estimated precision of the log profile likelihood ratio
statistics at the bounds of the inferred confidence intervals. A bootstrap procedure is imple-
mented to evaluate root mean square errors (RMSEs) of prediction of these log-ratio statistics.
It is thus possible to request termination of iterations when these RMSEs, averaged over the
different interval bounds, or when all such RMSEs, are below a certain threshold. A second cri-
terion is the comparison of the distribution of samples simulated in two ways: samples from the
simulator of the process being inferred, versus samples from the inferred distribution. These dis-
tributions can be compared as in a classifier two-sample test (Lopez-Paz and Oquab, 2017), by
training a classifier to assign samples to either distribution: the better the inferred distribution,
the lower the classification performance. This has previously been used to compare different
methods of inference of posterior distributions (Lueckmann et al., 2021), but can be used here
to compare the distributions of samples given specific values of the inferred parameters, such
as their MSLEs.

SNLE inference. To perform SNLE inference, we used the Python package sbi version 0.25.0,
with default controls for training the MAF neural density estimator. In particular, the flow con-
sisted of five autoregressive transformations, each parameterized by a Masked Autoencoder for
Distribution Estimation (MADE)-type neural network (Germain et al., 2015) with hidden layers of
size 50 and two blocks. Dropout and batch normalization were disabled. The autoregressive net-
works used RelU activation functions. Between successive transforms, random permutations
were applied to increase flexibility of the flow.

Posterior samples were obtained using the default Markov chain Monte Carlo (MCMC) sampler
implemented in sbi. This corresponds to slice sampling with multiple parallel chains. The default
configuration uses 20 chains, with 100 warmup steps per chain and thinning factor equal to one.
Final reference tables had the same size as in our default summary-inference workflow, and we
ran ten rounds of the sequential procedure with an equal number of simulated samples per round
(Lueckmann et al., 2021, Appendix Section A.4).

Design of simulation study

Our simulation study is mainly based on two scenarios of demographic history of populations
which have been considered in previous developments of ABC with random forests. However,
we also consider 15-parameter toy examples where the number of raw summary statistics is the
number of parameters, so that projections are not needed and inferences are relatively fast.

Toy examples. In the toy examples, we estimate the covariance parameters of a 5-dimensional
normal distribution. The data-generating values, and the parametrization of this model are de-
tailed in Supplementary Section S.3.1. The summary statistics are defined as the 15 distinct
elements of the observed covariance matrix of 50 draws from a multivariate normal distribution
of dimension 5 with the given covariance matrix.

Peer Community Journal, Vol. 6 (2026), article e43 https://doi.org/10.24072/pcjournal 721



https://doi.org/10.24072/pcjournal.721

8 Francois Rousset et al.
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Figure 1 - The two scenarios of historical demography. Left: ladybird invasion scenario;
right: Human admixture scenario. See Text for description of parameters.

Origin of invasive ladybird populations. This scenario (Figure 1, left) was already taken as an ex-
ample for ABC-RF analyses by Pudlo et al. (2016). It is motivated by the invasion of the ladybird
beetle Harmonia axyridis in Europe, and by a dataset of genotypes at 18 microsatellite loci, from
a total of 126 individuals from four populations (Lombaert et al., 2011). The fitted model has 8
parameters: effective population sizes N; to N, admixture time t;, admixture proportion r,, and
two mutation parameters i and p. We estimated the composite parameters log(/N;jz) instead of
the N;s. Further details on model, data, and sampled parameter ranges are given in Supplemen-
tary Section S.4.1.

Human admixture scenario. For this second scenario (Figure 1, right), the model and data were
also already considered in previous papers on ABC-RF (Collin et al., 2021; Raynal et al., 2019). Itis
a scenario of admixture between populations of European and African ancestry in America. More
precisely, after an ancient demographic change at time t; in the ancestral African population, an
out-of-Africa colonization event occurs at time t3 that gives an ancestral out-of-Africa population
which secondarily splits into one European population and one East Asian population at time t,.
Finally, a genetic admixture event occurs between populations of European and African ancestry
in America at the time t;, with a proportion r, of European ancestry. Additional parameters N3,
Nina, Nun3a describe the population sizes during bottleneck events associated to colonization
events along the population tree, and ds, ds, and ds4 describe the duration of these bottlenecks.
As detailed and justified in Supplementary Section S.5.1.1, we re-parametrized the model in
terms of tio = tp — t1, thg = t3 — 1o, t34 = tg — t3.

We explored different versions of this model, with 7 or 13 estimated parameters, by assuming
that the values of other parameters were fixed and known. A real dataset of 5000 SNP mark-
ers (extended to 10000 in some simulations), genotyped in four human populations (The 1000
Genomes Project Consortium, 2012), defines the sampling design of the simulated data. The four
populations include Yoruba (Africa), Han (East Asia), British (Europe) and American individuals of
African ancestry.

Few parameters may be practically identifiable in the Human admixture scenario. For this
reason, Raynal et al. (2019) and Collin et al. (2021) reported estimation performance for only a
few parameters, with good performance only for the admixture rate r, and for some compos-
ite parameters defined as ratios of population size to time interval parameters. However, such

Peer Community Journal, Vol. 6 (2026), article e43 https://doi.org/10.24072/pcjournal 721


https://doi.org/10.24072/pcjournal.721

Francois Rousset et al. 9

composite parameters complicate the interpretation of the results. For example, the parameter
space is no longer defined only by box constraints (i.e., by the range of each parameter), and
marginal prior distributions are no longer uniform. This implies that low relative RMSEs, which
are defined relative to the marginal range of each parameter, are not necessarily indicative that
the parameter is practically identifiable.

For these reasons, we considered composite parameters only in one of two considered 13-
parameter variants of the Human admixture scenario. More specifically, in this variant we consid-
ered the following composite parameters, sometimes referred to as “bottleneck intensity” param-
eters in the colonization/invasion literature: by = d3/Ny,3, ba = da/Npna, and bsa = d3a/Npn3a.
Estimating additional population size parameters specific to the branches of the tree that are
affected by bottlenecks is difficult. In this simulation variant, we therefore do not try to esti-
mate two such parameters, N3 and N;. Supplementary Table S.19 presents results for another
13-parameter variant without any composite parameters and with estimated N5 and Nj.

Further details on model, data, and sampled parameter ranges are given in Supplementary
Section S.5.1.1.

Assessment of confidence and credible intervals. The concept of confidence interval is based on
the control of coverage whatever the data-generating parameter values 8, rather than only on
average over a prior distribution, so we assess coverage for given 8 values, with only a few
exceptions.

For fixed prior distributions, credibility intervals may become asymptotically equivalent to
confidence intervals for “large samples”, i.e., when the information contained in the parameters
increases indefinitely with sample size (Lehmann and Casella, 1998, Section 6.8). Credibility in-
tervals and confidence intervals may then be seen as asymptotic approximations to each other.
But this asymptotic equivalence may fail when (i) coverage is evaluated conditionally for a param-
eter at the boundary of the prior distribution and (ii) for some definition of posterior intervals.
In particular, intervals based on central quantiles of the posterior distribution (“central posterior
intervals”) will never cover the 8" value when it is at a boundary.

This boundary effect should not be overlooked: (i) it may be widely ignored by practition-
ers (reports of performance focusing on good marginal coverage encouraging such ignorance),
and (i) it is a real concern in practice insofar as software (including ABC-RF) often report cen-
tral posterior intervals, which leads to the exclusion of parameter values at range bounds from
reported intervals, even when there is actually not enough information in the data to actually
reject such values. For the following comparisons, we implemented the computation of highest
posterior density (HPD) intervals from the ABC-RF output, which are expected to have better
coverage at the boundaries. For unimodal posterior distributions, these are also the shortest
credible intervals.

In principle, assessment of performance of confidence intervals calls for estimation of cov-
erage for many different 8 values. However, this would be unpractical here due to the high-
dimensional parameter space and the computational cost of the simulations. Supplementary
Section S.2 details the rules used to select several data-generating parameter values 6'; and
Supplementary Table S.5 and Section S.5.1.2 show the values used for the ladybird invasion
scenario and the Human admixture scenario, respectively.

Performance summaries

We evaluated the bias and root-mean-square error (RMSE) of the following point estimators:
the summary-MLEs, and the mean and median of the posterior distributions for ABC-RF. Each
Figure and Table for given data-generating parameter values is based on running the inference
workflow on 400 simulated datasets (but 200 or 1000 datasets for some of the Supplementary
Tables and Figures).

Parameter transformations were applied, mainly in order to homogenize the RMSEs of the
estimators of transformed parameters in the population genetic scenarios. In practice this means
that population size and mutation rate parameters were log-transformed, but for simplicity we
also applied the following automatic transformation rule to other parameters based on their
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explored ranges: if upper bound is > 500, log(1+.) or log(.) transformation is used, depending on
whether the lower bound is zero or not. All logarithms are base 10 logarithms. ABC-RF inferences
used uniform priors on the transformed scales.

The RMSE summaries may not lead to clear conclusions. Which of ML and posterior esti-
mates have lower RMSE depends on the location of data-generating values 61 relative to the
prior distribution used in a Bayesian inference (e.g., Casella and Berger, 2002, p. 333), so we do
not expect RMSE criteria to systematically favor one class of estimators over the other when
examined conditionally given 8" values. Moreover, an efficient posterior estimate is expected to
have lower RMSE on average when 6 values are chosen randomly in their prior distributions.
Yet, systematic departures from such theoretical expectations can occur if one of the methods
does not locate well its point estimates, as a result of poorly inferring the likelihood function or
the posterior distribution.

Bias and RMSE of estimators will be reported on a scale relative to the width of the explored
ranges : for the ith element 6; of the parameter vector, we use transformed parameter values %;
as described above, and evaluate the following scaled means:

mean(d;) — 19:[
Jui — L

RMSE(3;)
Jui — Vi

(5) relative bias =
(6) relative RMSE =

where 9, is the vector of estimates of ¥; over the simulated datasets; and 19,T, Y1,; and Yy; are
the corresponding data-generating value, lower, and upper bound of explored range of the trans-
formed /th parameter, respectively. With relative variance defined as Var(v§,-)/(19U,- — 9J1;)?, the
standard decomposition of mean-square error as variance plus squared bias holds for these rel-
ative values.

This is useful in particular to compare the RMSE of a summary-likelihood estimator to that of
a non-identifiable parameter whose estimator would be uniformly distributed, and would then
have a relative RMSE equal to 1/1/12 = 0.289 if the data-generating value were the mid-range of
the parameter (and higher otherwise). Another useful diagnostic pattern for poorly identifiable
parameters is the relative variance of summary-MLE versus posterior estimates: the posterior
mean estimator should have low variance, as it should approach the prior mean for all datasets.
Thus, although an efficient posterior estimate is expected to have slightly lower RMSE on av-
erage over a prior distribution, a markedly lower ratio of the variance of posterior estimates to
the variance of summary-MLEs instead suggests that the parameter is not well estimated by
ABC-RF.

The actual conditional coverage of nominal 95% intervals will be reported for both the confi-
dence and credibility intervals. For each element 6; of the parameter vector, a more informative
summary, not depending on a conventional level such as 95%, is the actual distribution of p-
values of the test whose null hypothesis is that §; = HIT. This distribution should be uniform in
ideal conditions, and will be reported in Figures. We used the profile likelihood function for such
tests, as previously described.

We also evaluate the performance of intervals provided by parametric bootstrap simulations,
where bootstrap samples are drawn from the inferred distribution of projected summary statis-
tics as function of the parameters (see Supplementary Section S.1.7 for details about this proce-
dure). Various definitions exist for bootstrap-based confidence intervals (e.g., Davison and Hink-
ley, 1997, Chapter 5). We thus compare the coverage of intervals defined by inverting profile-
LRTs whose p-values are read from the x? distribution, to two bootstrap intervals. One interval
is defined by inverting the profile-LRTs whose p-values are read from the bootstrap distribution
of the likelihood-ratio statistic. The second bootstrap interval uses a Bartlett correction (Bartlett,
1937): it is defined by inverting p-values read from the y? distribution, for the profile likelihood
ratio statistic corrected by the estimated mean of this statistic in the bootstrap samples. The def-
initions of the three confidence intervals are summarized in Table 1 and their coverage values are
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Table 1 - Tests that yield p-values and profile LRTs used to define confidence intervals.
W+ is the log profile likelihood ratio statistic (eq. 4) evaluated on a parametric bootstrap
sample S* from the fitted model. Realized coverage of implied confidence intervals at
nominal level C is the frequency of the event p > 1 — C over simulated data sets.

Variable | p-value definition

profLR | p = Pr(X > W) where X ~ x7 and W is the log profile
likelihood ratio statistic (eq. 4).

bootLR | pis the frequency of the event W* > W over different boot-
strap values W*.

BcorCl | p = Pr(X > W/W+*) where X ~ x? and W* is the mean
value of W* over bootstrap samples.

reported in later Tables as “profLR", “bootLR” and “BcorCl” respectively. We also considered per-
centile bootstrap intervals, but these appear to have less predictable coverage over the different
simulations conditions.

We report the conditional coverage of two types of credibility intervals: the central posterior
intervals computed by the abcrf R package (Marin et al., 2025), and highest posterior density
(HPD) intervals also deduced from the ABC-RF output.

It is not always reasonable to require exact control of the coverage or distribution of p-values.
If there is no information about a parameter in the data (i.e., if likelihood is flat with respect to it),
the conclusion of the analysis should be that there is no information. This lack of information is
represented by unbounded intervals with 100% coverage. On the other hand, weak information
will result in intervals with more than the nominal coverage and in distributions of summary-LRTs
that show a deficit of low p-values relative to the uniform distribution. These patterns readily
occur in our simulations of demo-genetic scenarios.

Results

15-parameter toy model

In this model, we consider the estimation of the covariance matrix of a 5-dimensional multi-
variate normal distribution. It has two variants, one where all 15 parameters are identifiable, the
other where only 5 variances are identifiable. As this example mainly serves as a first check of the
inference workflow in a case with a relatively high number of parameters and where we know
which parameters are identifiable and which are not, no variation of data-generating parameters
nor any comparison with ABC are presented.

Performance summaries are detailed in Supplementary Table S.2 and distributions of p-values
of summary-LRTs are shown in Figure 2. In each case 400 datasets were simulated and reference
tables of 44000 samples were constructed independently for each dataset. Coverage is approxi-
mately controlled for identifiable parameters, mean coverage over the twenty rows of Table S.2
being 0.954 for the profile-likelihood ratio intervals and 0.96 for the Bartlett-corrected boot-
strap intervals. There is expectedly a strong deficiency of low p-values for unidentifiable ones.
Ideally, in the latter case, the distribution of p-values should be a step function in p = 1, and the
observed non-stepwise distributions are the result of the fluctuations of the estimated surface
compared to the exact one, these fluctuations being too small to result in low p-values. Overall,
when parameters are not identifiable, the confidence intervals still have at least nominal cover-
age.

Ladybird invasion scenario (8 parameters)

The simulation results reported in Table 2 show that there is little information about admix-
ture rate r,. Posterior estimators for this parameter appear to have low bias only because the
data-generating value rl of r, is close to the mean value of the prior distribution. This also ex-
plains why these posterior estimators have lower RMSE (conditional on rl) than the summary-
MLE. There is also weak information about log(N4ji), t1, and p. Coverage of the likelihood-ratio
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Figure 2 - Distributions of p-values of summary-LRTs in multivariate-normal toy example.
The cumulative distributions of p-values are shown for the tests of each parameter of the
covariance matrix (i.e., each element uj; of its Cholesky factor, eq. S.2 in Supplementary
Material). The grey diagonal lines represent uniform densities on [0,1], shifted in the x
axis for visibility. Top: fully-identifiable model. Bottom: partially-identifiable model, with
distributions for identifiable and non-identifiable parameters shown in black and blue,
respectively. The distributions for non-identifiable parameters show a marked deficiency
of low p-values (the cumulative distribution being under the diagonal), as expected since
the inferred likelihood surface should be flat with respect to such parameters.

intervals is too high, 98% on average, for these four parameters, but also for the four other
ones (97,05% on average, Table 2, “profLR” column). These excesses largely disappear in the
bootstrap-corrected versions of the summary-LRTs, even for the parameters with low informa-
tion (Table 2, “bootLR” and “BcorCl” columns, and Supplementary Figure S.1, bottom), with the
Bartlett-corrected intervals having 95.4% coverage on average for the four better-estimated
parameters and 95.5% for the four other ones.

The ABC-RF estimators of the different parameters often have higher bias, but there is no
clear trend for RMSEs, consistently with the fact that the relative magnitude of the RMSE of ML
vs. posterior estimates depends on where the data-generating values lie within the prior support.
While the dependence of relative RMSE performance on location of the data-generating param-
eters in the prior distribution may explain some of the heterogeneity in apparent performance
of the two methods, additional simulations show that more obscure specificities of the ABC-RF
method contribute to this heterogeneity. Notably, the ABC-RF estimates for log(/N,) are biased
away from the prior mean (—0.5), their correlation with summary-ML estimates is low (0.215),
and they have a much lower variance than the latter. Together, these results are not expected
from general theory for posterior estimators, given the uniform priors and the fact that summary-
MLE estimates do not exhibit a similar bias. Varying the log(/N,z) value, with other parameters
being fixed, shows that the ABC-RF log(/N,i) estimator is biased away from the prior mean over
much of the prior range (Supplementary Figure S.2), whereas a bias toward the prior mean would
be more commonly expected (e.g., Casella and Berger, 2002, Section 7.3.4). Yet, it has lower av-
eraged RMSE (Supplementary Table S.6) than the summary-ML estimator, as expected when
comparing the prior-averaged performance of ML and posterior-mean estimators.

In Section S.4.2 of the Supplementary Information, we assessed performance of inferences
for alternative data-generating parameter values derived from a preliminary fit of the actual
data. These simulations exhibit even less information about parameters t; and r,, and repeat the
striking patterns of Figure S.2 for estimation of log(N4fi).

Peer Community Journal, Vol. 6 (2026), article e43 https://doi.org/10.24072/pcjournal 721



https://doi.org/10.24072/pcjournal.721

13

Francois Rousset et al.

G860 [B860 LV6O0 <960 [960 | 9¥10 €PTO TLT0| 8I00 €200 9000 d
¢860 6860 G¥60 <¢S60 <¢L60| TITO 6¢1T0 ¥900| 8/00- O0OOTO- <100 (17)8o)
000T O000T LS60 0960 <¢L60 | 1c10 €010 T1/10| 8000 €100 LTI00 Kl
000T O000T Lv60 Ov60 (860 | 1€ET0 6¥10 18C0| 1800 8CT0 6¥00 I
000T 000T 0960 TS60 T660 | €00 0S00 #920| 9500 9200 +¥00 | (7¥n)30|
0660 0660 0960 TS60 G960 | YETO0 6210 9600| #200- 0FO0- 6000 | (7&Nv)30|
G/60 0860 S¥60 0§60 S/60 | 0ST'O 8YT'0 T600| ¥900- 8L00- #000°0-| (7%V)30|
L66'0 0960 /960 G960 0/6'0 | 9600 9€00 SE00| 8000 OTO0 80000 | (7%N)30|
IDAdH [D031s0d [DJodg ¥TI00q ¥Tjoid | psjyIsod Agisod  FISN | paIsod Ajisod  FISIN - | J91owieled
93eJ9A02 JSINY 2A13e9Y selq aAlle|oy

"G40 01 15950|2 28e42A0D BY3 pue ‘JSINY Wnwiuiw

3y} ‘OnjeA ajnjosge Ul [ewlulw SnjeA seiq ayj Ja3aweded yoes Joj aziseydws 03 pasn si Juoj pjog (1D AdH) sieatajur Aysusp sousisod 3saysiy
JoJ pue ‘(1D31sod) 4Y4-D9V Aq papiroad sjeAsalul |ea1usd sy Joj (]DJ0dg pue yTjoad) 1X3] 3yl ul paqlidsap Uol3da4i0d delisiood JO SULIO) OM] J0J
‘7°S a4n314 ut umoys sanjeA-d Jo uoiangLiasip ayl Aq paljdwi se (¥140.4d) aduaiajul pooyi|aXi|-Aleuwuwns 10 paiodal Si [9AS] %G 6 [eUlLIOU UM S|eAIDIUl
92UapPYUO0I JO 33eI9A0) 4¥y-DgV 104 (Pa|NIsod) ueipaw Jolisisod pue (AJ3sod) uesw Joliaisod syl pue (JISIN) So1ewilss pooylsyi Adewwns
-wnwixew ay3 JoJ pajodal ate (ISINY) 10449 auenbs-uesw-1004 pue selg "Ol1eusds UoiSeAul piigApe| sy} Joj Sallewwns aduewloliad - g a|qeL

https://doi.org/10.24072/pcjournal 721

Peer Community Journal, Vol. 6 (2026), article e43


https://doi.org/10.24072/pcjournal.721

14

Francois Rousset et al.

-50 4 =501

.| |
54 54
RN 4
-100- 100] MEEW G ;
® ABCRF % LG ® ABCRF 4
SL, iter 1-10 {4 vl g‘~ i SL, iter 1-10 %
SL, iter> 10 ;“ '. ". R t. ST, iter > 10 ":{:'
1501 : .' : 150, . . . . .
0 1 2 3 0 100 200 300 400 500
log(1 +1y3) Npn34

Figure 3 - log-likelihoods of points & from ABC-RF and summary likelihood reference
tables. x-axis values are those of log(1 + t»3) (left) or N34 (right) from each 0, for points
from the ABC-RF reference table (in black) and for points from the summary inference
reference table (in orange for points from the first 10 iterations, and in blue for points
from later iterations). y-axis values are log-likelihood values according to the likelihood
surface inferred in the final iteration of the summary likelihood workflow.

Overall, this means that ABC-RF estimators can be strongly biased toward a value quite dis-
tinct from the prior mean, and their variance around this value may be small. ABC-RF estimates
may then exhibit much higher or much lower RMSE than summary-MLEs, depending on the
data-generating parameter values 87 chosen, and this pattern cannot be simply interpreted in
terms of location of 87 relative to the prior mean.

7-parameter human admixture scenario

This inference scenario is obtained by fixing the following ten parameters from the full 17-
parameter scenario schematized in the right part of Figure 1 : log(Ni) = 4.1, log(N3) = 4.3,
|Og(N4) = 35, ry = 02, d3 = 42, an3 = 160, d4 = 9, an4 = 98, |Og(N34) = 31, d34 = 24,

Performance summaries are reported in Table 3 and Supplementary Figure S.4. The summary-
likelihood method generally exhibits lower bias and RMSE than ABC-RF (Table 3). ABC-RF esti-
mates can be strongly biased. In particular, we observe for parameter t»3 a bias away from the
prior mean, similarly to the pattern previously discussed for log(/Ns) in the ladybird invasion sce-
nario. In a transformed log scale, the data-generating value was log(1 + t3) = 1.5, the mean
summary-MLE was 1.66, the realized prior mean in the ABC-RF reference table was 1.855 and
the mean ABC-RF estimate was 2.491. Examination of the log-likelihood values ¢(8) for parame-
ters values 6 from both the ABC-RF reference table and from the summary-likelihood reference
table for a given dataset suggests an explanation, which we illustrate in Figure 3, left panel (simi-
lar results have been obtained for other simulated datasets). All £(8) are here the values of the log-
likelihood function estimated by the summary-likelihood inference for the dataset. The points
from the ABC-RF reference table form a cloud with a likelihood maximum near x = 2.5. This
readily explains the mean posterior estimate near 2.5. In this case, the uniform prior sampling
used by the ABC-RF method hence appears to miss the more relevant parameter region. One
consequence is that the conditional coverage of posterior intervals for tp3 is quite low (15.25%).
On the other hand, the iterative exploration of the parameter space by the summary-likelihood
workflow allows higher likelihood values to be attained for lower t»3 values.
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For both t; and Ny,34, estimates provided by ABC-RF are largely driven by the mean of the
prior distribution, which is more expected in the case of a parameter with less apparent informa-
tion about it (¢;) than with more information about it (\,,,34). The latter case might be explained as
a less striking effect of the failure of the ABC-RF analysis to explore the narrow region of parame-
ter space with high likelihood (Figure 3, right panel). Two consequences of this failure, combined
with attraction of posterior estimates towards the prior mean, are that the conditional coverage
of “central” posterior intervals for Ny, 34 is distinctively low (88.5%), but that HPD intervals are
less affected.

Deficiencies of low p-values are observed for LRTs, without bootstrap correction, for admix-
ture time t1, bottleneck size M,,34, and time tr3, with corresponding higher than nominal cover-
age of the intervals. For t; there is little statistical information in the data: likelihood profiles are
rather flat, and many estimates are at the lower bound of the parameter space. For N34 there
is more information, as shown in particular by the low RMSE of summary-MLEs. The coverage
of the Bartlett-corrected intervals for the other parameters is 94.6% on average.

To mitigate the effects of a low level of information in the data for some parameters, we
performed additional simulations with datasets of 10,000 SNP rather than 5,000 as previously
assumed. The detailed results reported in Supplementary Table S.11 show reductions of RMSE
of summary-MLEs by a factor between 1.36 and 1.58 for the different parameters except N34,
which exhibits a reduction by 2.02. By contrast, the RMSE of the posterior mean estimator is re-
duced by a lower factor (between 0.93 and 1.28). Hence, the summary-likelihood results exhibit
reductions in RMSE roughly as expected from doubling the information in the data (i.e. a reduc-
tion of RMSE by a v/2 factor), but ABC-RF does not. This could reflect another benefit of a more
efficient exploration of the region of interest of the parameter space by the iterative workflow.
Indeed, when larger datasets are considered, the parameter region with high likelihood ratios
becomes narrower and is thus expected to become more difficult to appraise by non-iterative
methods. We thus expect iterative methods to provide larger gains in precision relative to non-
iterative ones for larger datasets.

We have repeated the simulations as in Table 3 except that the N34 value was set to either
the lower or the upper bound of its explored range (this parameter was chosen because it is the
best estimated among the seven parameters, in terms of relative RMSE). The results, detailed
in Supplementary Table S.12, show that, as expected, HPD intervals perform much better than
central intervals in this case, where they perform similarly to profile-likelihood based intervals.

13-parameter Human admixture scenario

Results for the 13-parameter simulation scenario are presented in Table 4 and Supplementary
Figure S.6, with composite bottleneck intensity parameters defined as ratios of bottleneck dura-
tion to bottleneck population size: b3 = d3/Myn3, ba = da/Npna, and bza = dza/Npnza. Summary-
MLEs have lower absolute bias than posterior estimates, while for RMSEs the pattern is more
heterogeneous, and can be interpreted as resulting from a combination of the effects previously
considered to explain discrepancies between the two methods. A more detailed analysis for each
parameter is presented in Supplementary Section S.5.3.2. In particular, it suggests that poor ex-
ploration of parameter space again affects estimation of log(1+t»3), but also of log(t12), log( Nbn3),
log(Myna), and bss. The admixture rate r, and the composite bottleneck intensity parameters b3
and b, appear well estimated by both methods, and population size N, may also be relatively
well estimated by SL.

Other parameters are poorly estimated by both methods. For log(/N;) and Nyy34 in particular,
the position of the prior mean relative to the data-generating ' value, rather than efficient use
of information, explains the low RMSE of the ABC-RF estimates. In Supplementary Section S.17,
we show that summary-likelihood estimates are not improved by running further iterations of
the workflow.

Intervals generally have higher than nominal coverage, which is not unexpected given the
limited information present in the data about most parameters, and given additional boundary
effects such as those detailed for b3 in Supplementary Section S.5.3.5. The coverage approaches
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the nominal 95% for the best estimated parameters, and the bootstrap corrections partially cor-
rect the coverage for the other parameters. These results may be seen as evidence that the
summary-likelihood method is able to provide confidence intervals for clearly identifiable pa-
rameters, from limited simulation effort in such a 13-parameter scenario.

Finally, we compared the results of summary-likelihood and ABC-RF inferences from the real
SNP dataset used to design our simulation-based study (Supplementary Table S.16). It is gener-
ally not easy to make sense of such comparisons unless additional empirical information, not
included in the data, is available about the values to be inferred. We found that the estimates
~ 0.2 of the admixture rate r, (the proportion of genes of European ancestry within African Amer-
ican individuals) reported by both methods are consistent with previous studies (as discussed by
Collin et al., 2021). The most notable pattern was that for the four parameters identified by the
simulation study as being estimable with some precision, r,, b3, b4 and N>, the confidence inter-
vals of our summary-likelihood method lay within the credible intervals of the ABC-RF method,
and were two to five times narrower than the latter intervals. The largest ratio is observed for
N>, which was found in the simulation to be much better estimated by summary-likelihood than
by ABC-RF.

Comparison to SNLE

We aimed to compare the performance of the summary likelihood approach with SNLE across
the four simulation scenarios. However, we did not include SNLE for the 13-parameter admixture
example because the parameter space is subject to non-rectangular constraints (Eq. S.3), which
the sbi implementation does not readily accommodate. Addressing these constraints within
the sbi framework would require at least a non-trivial reparameterization of the parameters.
In the remaining scenarios, point-estimate performance (bias and RMSE) was broadly similar
between the two methods, in particular when contrasted to ABC-RF. In contrast, interval esti-
mation yielded more heterogeneous results (Table 5). In the 15-parameter toy example, SNLE
posterior intervals achieved good coverage, comparable to summary-likelihood, but were consis-
tently slightly wider (width ratio 1.02-1.16 across parameters; mean 1.07). By contrast, in the 7-
parameter admixture scenario, SNLE intervals were mostly too narrow and exhibited poorly cali-
brated coverage. Results for the ladybird invasion scenario were intermediate: coverage was, on
average, improved relative to uncorrected profile likelihood-ratio intervals, but showed greater
variability across parameters (0.912-1).

Discussion

In this study, we present and assess the performance of an automated workflow for summary-
likelihood, a method of simulation-based inference based on inferring a likelihood surface for
summaries of the data. The efficiency of the method is contingent upon its iterative procedure of
exploration of the parameter space. In a 15-parameter toy example, the coverage of confidence
intervals provided by summary-likelihood is nearly optimal. However, in cases where some pa-
rameters are not practically identifiable, the results are inherently more complex. In these cases,
the intervals derived from the likelihood profiles for parameters with low information content
are, as expected, too large. Nevertheless, bootstrap procedures appear to be a viable solution
for obtaining better coverage. Our simulations suggest that the “bootLR” bootstrap intervals may
be systematically used to improve the coverage of intervals. These intervals are defined by the
profile-likelihood ratio threshold value determined as the g-quantile of the bootstrap distribution
of the likelihood ratio, where g is the intended coverage. The Bartlett-corrected intervals often
performed similarly to these intervals. We also considered bootstrap-corrected intervals based
on the distribution of parameter estimates, namely the “basic” and “percentile” intervals (Davi-
son and Hinkley, 1997). However, their coverage (only reported in the electronic Supplementary
Material) was more variable across simulation conditions, so we cannot recommend them as a
general-purpose option.

Although we could not perform an extensive simulation study of the sensitiveness of the
performance of our workflow to its control parameters, we performed simulation of the effect
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Table 5 - Compared performance of the summary likelihood and SNLE approaches. Bias
and root-mean-square error (RMSE) are reported for the maximum-summary likelihood
estimates (MSLE), and the posterior mean (postEv) for SNLE. Coverage of intervals with
nominal 95% level is reported for summary-likelihood inference (profLR) for the central
posterior intervals provided by SNLE (postCl). Boldface indicates, for each parameter,

the smallest absolute bias, the minimum RMSE, and the coverage closest to 0.95.

Summary likelihood SNLE
parameter | bias  RMSE profLR bootLR BcorCl| bias RMSE postCl
15-parameter toy example

u11 0.003 0.048 0.970 0970 0.967 0.027 0.056 0.925
u12 -0.003 0.071 0945 0962 0960 | -0.021 0.075 0.930
Uno -0.001 0.063 0.967 0.980 0.970 0.026 0.073 0.960
u13 0.006 0.063 0.962 0975 0.965 0.010 0.069 0.947
un3 -0.001 0.062 0.962 0982 0.970 | -0.003 0.066 0.952
u33 -0.008 0.069 0.922 0.942 0.940 0.020 0.076 0.945
u14 0.002 0.063 0947 0972 0.970 0.018 0.069 0.950
Uog 0.0009 0.058 0.952 0.960 0.955 | -0.011 0.063 0.940
uza -0.003 0.050 0.955 0.965 0.952 0.008 0.053 0.955
Uga -0.014 0.050 0.935 0952 0.945 | -0.003 0.051 0.957
u1s 0.006 0.060 0.970 0977 0.972 0.020 0.057 0.950
s 0.0009 0.052 0.952 0.967 0.960 0.002 0.055 0.947
u3s -0.001 0.050 0.952 0.965 0.960 | -0.0003 0.052 0.955
Ugs 0.006 0.046 0.947 0960 0.942 0.001 0.048 0.947
Uss -0.018 0.050 0.932 0945 0945 | -0.009 0.049 0.955
Ladybird invasion scenario
log(Nip) | 0.0008 0.035 0.970 0.965 0.967 |-0.00008 0.036 0.912
log(N2jz) |-0.0004 0.092 0.975 0.950 0.945 | -0.009 0.081 0.930
log(N3z) 0.009 0.096 0.962 0.952 0.960 0.002 0.083 0.927
log(Najz) 0.044 0264 0.992 0952 0.960 0.077 0.124 0.977
t 0.049 0.281 0.987 0940 0.947 0.105 0.174 1.000
Iy 0.017 0.171 0.972 0960 0.957 0.017 0.146 0.962
log(fz) -0.012 0.064 0.972 0952 0945 | -0.023 0.063 0.942
p 0.006 0.171 0.967 0952 0.947 0.016 0.151 0.947
7-parameter Human admixture scenario
log(N2) 0.007 0.047 0.955 0947 0.947 0.002 0.043 0.845
t 0.101 0.317 0982 0.967 0.965 0.211 0.270 0.937
log(t12) -0.004 0.046 0.960 0942 0.927 | -0.009 0.042 0.820
log(1+ t23) | 0.039 0.069 0.972 0.970 0.950 0.032 0.057 0.775
Nynsa 0.007 0.019 0.997 0.980 0.982 0.009 0.028 0.977
log(1+ t34) | 0.006 0.028 0.947 0.937 0.940 0.005 0.026 0.890
log(Na) 0.004 0.052 0960 0.945 0947 | -0.0001 0.046 0.880

of increasing of decreasing the number of Gaussian components in MGMs (Supplementary Sec-
tion 5.3.2.2). We also verified that increasing the size of the reference table from 38000 to 50000
in the 13-parameter admixture model yields no clear benefit (Supplementary Section S.17). Con-
versely, we found that decreasing this size from 20000 to 6000 in the 7-parameter model led to

degraded performance (Supplementary Table S.15).

Beyond documenting the general performance of the summary-likelihood method, our sim-
ulations provide a comparison with the ABC-RF method. Raynal et al. (2019) compared their
ABC-RF method to some iterative (or “sequential”) ABC workflows (ABC-PMC, Beaumont et al.,
2009; Prangle, 2017; SMC-ABC, Del Moral et al., 2012). For a toy example, they found ABC-RF
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to better infer marginal posterior distributions, without the computational overhead of the iter-
ative methods. However, they did not extend their comparisons to their population genetics ex-
ample. By contrast, our results highlight the benefits of an iterative workflow for the exploration
of parameter space, and are thus consistent with the premises of sequential ABC methods.

There are further differences between the summary-likelihood and ABC-RF methods, be-
yond the nature of the intervals sought, and whether the workflow is iterative or not. In particu-
lar, ABC-RF is currently constrained to infer marginal posterior distributions for each parameter
separately, which makes it more difficult to identify sets of parameters that can be estimated
only in combination with each other. By contrast, the likelihood surface inherently retains infor-
mation about the joint effect of parameters on the likelihood of the data. It is also possible to
extend ABC-RF for the inference of multivariate parameters, using distributional random forests
(Dinh et al., 2025).

The comparisons with ABC-RF are based on previously considered simulation scenarios. Our
findings indicate that ABC-RF is capable of producing estimates with favorable bias and RMSE
characteristics, comparable to those of summary-likelihood. However, we also identified instances
where its estimation performance diverged significantly, which can be attributed, at least in part,
to the imperfect exploration of parameter space by non-iterative methods. Further evidence of
this imperfect exploration can be observed in the markedly smaller reduction in the root mean
square error (RMSE) of ABC-RF estimates relative to SL estimates when the amount of data is
increased, as was investigated in the 7-parameter human admixture scenario.

Moreover, we confirmed the previous observation that ABC-RF often produces 95% credi-
bility intervals with 100% coverage. This is true even for the most easily estimated parameter.
For instance, Raynal et al. (2019, Figure 2) already found that 95% credibility intervals for the ad-
mixture rate r, in the Human admixture scenario had 100% coverage. Comparison of credibility
and confidence intervals shows that in such cases the credibility intervals consistently extend in
both directions beyond the confidence intervals.

A further issue is that ABC-RF estimates may be significantly biased. This phenomenon can
be attributed to the fact that sampling from pre-specified priors, a common practice in non-
sequential ABC methods, is inadequate for fully exploring the parameter space in certain mod-
els. Consequently, the credibility interval coverage provided by ABC-RF may be considerably
diminished in such instances.

We found that replacing reference tables, each constructed for a different simulated dataset,
with a single reference table of the same size leads to poor inference, even if it is obtained by sub-
sampling the reference tables constructed for each different simulated dataset (Supplementary
Section S.5.2.4). While this result has little impact on the analysis of real datasets, each requiring
a new reference table matching the details of the sampling design of the dataset, it prevents a
drastic reduction of computation time in our simulation studies, which would be possible if a
single reference table could be used for accurate inference from all simulated datasets.

Random-forest regression has been used in this work to reduce the dimension of the sum-
mary statistics. The implementation of our workflow allows other reduction methods to be used.
However, we used the Random-forest regression approach here for reasons previously discussed
(Collin et al., 2021; Pudlo et al., 2016; Raynal et al., 2019) and because it provides a convenient
baseline for comparing other components of the inference workflow. This approach is fast, eas-
ily automated, and although it is not necessarily the most efficient, the additional effort needed
to develop more efficient summaries on a case-by-case basis should be considered when de-
signing applications of simulation-based inference. For example, Quelin et al. (2025) compared
random forests, gradient boosting, and neural network methods. Neural networks achieved a
5.8% reduction in RMSE compared to random forests (average value other the 10 cases in their
Tables 1 and 2), for 10 to 100 fold increases in training times (their supplementary Figure S1).
Moreover, a preliminary study was necessary to optimize their alternative methods separately
for each inferred parameter.

In our simulations, the size of the reference table was determined only by the number of
parameters. Our implementation allows alternative and more adaptive stopping criterion to be
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used, based on the estimated precision of the profile likelihood ratios at the bounds of the in-
ferred confidence intervals. A bootstrap procedure is implemented in our R package to evaluate
mean square errors of prediction of these ratios. It is thus possible to request termination of iter-
ations when the average RMSE for the different bounds, or when all RMSEs, are below a certain
threshold. However, such a termination condition is necessary rather than sufficient, because
likelihood surfaces may be inferred with high precision but low accuracy, in particular in cases
where large reference tables are built from few iterations, whereas many iterations would be
needed to identify narrow parameter regions with high likelihood.

The fixed reference-table sizes in our simulations were deliberately kept small enough to
allow performance evaluation over hundreds of samples, but larger tables may be required to
achieve accurate inference in many applications. In particular, the linear scaling with the number
of parameters used here may become increasingly optimistic as dimensionality grows. Further,
even with few parameters, much larger numbers of simulations may be required when the distri-
bution of the data is heavy-tailed, as illustrated by the g-and-k distribution (Frazier et al., 2024).

Further iterative ABC methods have been developed, notably sequential neural likelihood
estimation (SNLE, Papamakarios et al., 2019) and related workflows based on deep-learning
methods that learn probability distributions and related functions (e.g., Sharrock et al., 2024
and references therein). In our comparison of summary-likelihood with SNLE, we found that the
relative performance of the two methods strongly depended on the simulation scenario. SNLE
showed excellent performance in one case but more variable interval coverage in the other two,
particularly in the 7-parameter admixture scenario. As currently implemented, the main limi-
tation of summary-likelihood is its rapidly increasing runtime with the number of parameters,
whereas SNLE's iterative likelihood learning becomes comparatively more efficient as dimen-
sionality grows. This leaves open the possibility that a workflow based on iterative MAF training
to learn the likelihood surface, as in SNLE, could ultimately deliver consistently better-calibrated
intervals at more moderate computational costs.

Conclusion

In this study, we have implemented and evaluated summary-likelihood inference, an itera-
tive simulation-based method for approximate likelihood inference. In addition to documenting
the method’s favorable performance, including in regard to confidence interval inference, we
have conducted comparisons with the ABC-RF method. These comparisons demonstrate that
constructing a reference table of simulations based on pre-specified priors may result in the
omission of the most pertinent parameter regions. In contrast, an iterative method of exploring
the parameter space may prove more effective in identifying these regions. Using summary-
likelihood inference, we found that the full inference for any given dataset required a moderate
number of simulations, of the order of 3000 times the number of estimated parameters, showing
that approximate likelihood inference is a practically achievable objective even when intensive
simulation of genomic datasets is required.

While iterative ABC methods have the potential to outperform non-iterative simulation-
based approaches such as standard rejection ABC or ABC-RF, they are less commonly used by
non-experts. This may be due to factors such as simplicity, robustness, computational require-
ments and familiarity with non-iterative approaches. However, as the field advances and tools
become more user-friendly, there should be a shift towards iterative methods, particularly for
studies involving high-dimensional parameter spaces and where computational efficiency is crit-
ical. The SNLE iterative method, which uses MAF training to learn the likelihood surface, already
enables fast and efficient inference, but the intervals it provides do not always appear to be well-
calibrated. Our method can yield better intervals within a reasonable timeframe for models with
a moderate number of parameters, but our results leave open the possibility that improved use
of iterative MAF training may also provide better intervals at even lower computational costs.
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